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ABSTRACT 

In  this  piper  the  meabrane  solutions  for  non-synmetric  vibration 
of  a  spherical  Jobs  are  studied.  The  solutions  are  written  in  a  con¬ 
venient  fora,  and  it  is  shown  how  these  reduce  to  the  rani liar  mem¬ 
brane  and  inextensional  solutions  in  the  static  limit.  This  informa¬ 
tion  enables  one  to  perceive  several  difficulties  in  finding  inexten- 
sional  frequencies  by  numerical  means  and  to  suggest  ways  around  these 
difficulties*  Also  membrane  frequencies  are  found  for  circumferential 
wave  numbers  up  through  eight  by  direct  calculation  and  compared  with 
sew  rat  different  approximations.  One  type  of  approximation,  due  to 
Jeffreys  and  Jeffreys,  gives  quite  good  results.  It  is  seen  that 
earlier  work  agrees  well  with  these  results  except  for  a  few  frequen¬ 
cies  which  are  not  found  at  all  in  the  present  calculations. 


-  T, 

•  »  aV 


•  i 


.iy.-in  •  :i.c  behavior  of  tonus  .n.«i  parachute ;>  ii  £:*.  per  lineal  in 
vibrations  of  thin  shells.  In  this  paper  *..v  .'ball  focus  oar 
i’.  i,  :::  .o-i  or.  Inc  non -symmetric  vabratlor.  of  thin  spherical  shells.  V.'ilhi 
classical  t kin-shell  theory  the  governing  system  of  equations  is  of 
eighth  order,  and  solutions  in  the  form  of  Associated  Legendre  Functic...* 
nav*  been  tound  by  ICalnins  and  Wilkinson^-  and  Prasad^.  Four  or  these 


solutions  are  of  bending  type  and  can  often  be  approximated  with  the  aid 

**»  - 

v».  ine  asymptotic  methods  used  by  the  writer0".  Although  we  shall  make 
sore  remarks  about  these  solutions,  our  main  concern  here  is  with  the 
remaining  four  solutions,  which  are  of  membrane  type. 

We  snail  first  wr; te  down  these  four  solutions  in  various  forms  that 
are  useful  and  shall  describe  some  approximations  that  are  applicable  in 
several  limiting  cases.  Then  in  Section  3  we  shall  present  formulas 
showing  how  these  dynamic  solutions  reduce  to  the  familiar  static  nen- 
brane  and  inextensional  solutions  as  the  dimensionless  frequency ,53- , 
tends  to  zero.  It  is  helpful  to  have  this  information,  in  particular, 
to  know  that  linear  combinations  of  the  L«gendre  Function  solutions 
approach  the  inextensional  solutions  as-53»*"^0  ,  before  one  tries  to 
deduce  inextensional  frequencies  and  modes  from  the  Legendre  Function 
solutions.  This  new  information  should  help  in  evading  the  difficulty 
b..i i  bar.  been  experienced  (see  Hwang0}  in  making  these  computations. 

lion  contains  results  aU»ut  membrane  natural  frequencies  for  hemis¬ 
pheres  with  tree-edges .  These  results  are  compared  with  each  other  and 
also  with  the  earlier  calculations  of  K&ghdi  and  Kalnins^.  The  results 
are  discussed  in  Section  5. 
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v  ..  '  V"  n-»I;  5.-5-1;  ’(2-c->s/)’ 

•  a  .a  derived  fror.  the  definition  by  a  familiar  property  of 

|*v  •  ^  v*  ic  • 

A  useful  pair  of  asymptotic  formulas  for  ?~(cosp)  when  n  ..  c 

v'Oui  A*ir^«r*  •*  1.C 

/  n  sar.  / 

has  been  given  by  Jeffreys  and  Jeffreys  .  From  them  we  derive  the 
folloaanj  a.*,  aptotic  formulas  for  Z“: 


r-' 


-a- 1  -n  -1-  n 

Z  c/mY  ‘■*(X-ncos/>  “  C-i+Ecosp)  "sir.*"/ 

a  a 


_  1 
")  2  *> 


Vs-  2s  :u  a*  C2-u)--/  r2-n2->a~,~“  Cs-*a} 
(n-rn):  a 


-,v  1  -X  /. 


2  “/v 


3  B  jT“  sin3Ln 

H  ***** 


(2  O  O  I 

a  san  /  -  r.)‘ 


,  i  S  >  *«• 
,  *  «■-»  ^ 
il 


r<:  »:  (.'.TO  (I  - - J 

n“ 


_ ,  ’w..  "  J  \  - - 

-a  =  p  -  coc  -rf-TT 

r*  ^  *0  *y  ~J*\ 

i.c  cos  ‘^n  cos/  /  m*zTm }  ~J , 

cotp  /  (a2 
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vw/h. 


c\  =  arc  cos 


0  £  p 
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£  tt 


..  s'.  v.  i  jmj’.i'.  s  oi  .d...  444  tlu'sc  ;•<*!  JijoiiS  titbit  u*  -.jr. 

4-.I4S  -.4  ...4  -  K>U  4  1  44.  s  414  V  CiUlf  4  ,  1*  1  I"  ;>  t.  ,  4  1.4*  'ATI  l  C  T  1im3  |  .  '..' Vioui  4  y  U.i - 

*r\.g  '....: i  *. :*.  the  a  .ijyj-'v'ifiC  case  (r.:-0/  the  torsi on I e o s  r.tr.ibrar.e 

s-v.' ...  and  sh‘,  are  not  necessarily  accurate  appro.xir.ut ions  to 

s,  In; ions  cf  the  complete  (i.e . ,  membrane  plus  bending)  systc-t  when 

_7r_n  i.  This  detect  of  the  cesnbrane  approximation  v.’as  also  shown  to 

_  symptomatic  of  the  occurrence  of  a  transition  point  (of  infinite 

order)  ir.  the  asymptotic  approximations  to  "'he  bending  solutions  when 

—  —  ~  ;  .  The  singularity  in  (2)  when  S^-—l  is  evidence  that  this  diffi- 

4,  ::*■  persists  in  the  non-sy  mine  trie  case.  However,  the  analogous 

equation  for  h,  (3),  contains  no  such  singularity,  and  we  conclude 

that  the  torsional  membrane  solutions  S~  and  S®,  are  free  of  this  de- 

**2  *"4 

feet  at  i  i-l  , 

.Second  tile  asymptotic  formulas  (7)  and  (S)  for  2°  are  valid  when 
n  and  a  are  both  large  and  are  of  course  equally  applicable  to  the 
function  Z^.  These  asymptotic  representations  suffer  from  a  transi¬ 
tion  point  at  if=sf-j- ,  where 

sin  =  s/n  (9) 

It  is  worth  dwelling  on  the  differences  between  this  transition 
point  and  the  one  described  above,  where =1. 


Tee  snout  obvious  difference  between  the  two  kinds  of  transition 
points  is  this.  The  transition  point  for 5a. =1  shows  itself  as  a 
singularity  in  the  relation  (2)  between  n  and  52.  and  does  not  involve 
a,  whereas  the  pre  sent  transition  point,  is  determined  by  the  relation 
(9)  between  ns  and  n  and  does  not  show  itself  as  a  singularity  of  any 


/ 


V  .  V 


.  i'.O  COii^aiV  It.v  iVTilorallv*  w*  CQUilliOHS  ’Ait  i.  U»i.‘  cor.- 

■  it-;.,  .'or  a  sphere  v:e  see5  that  (i)  the  nenbrur.e  sy^ urn  h-s  - 
-  >■  .  .  -y  v.’;enf^-=l  but  the  complete  system  does  not,  and  (ii)  neither 
.  •  *  I  ,  ;  ..  singularity  at  points  given  by  (9).  We  conclude  that  the 

•'  :r_:y  in  the  membrane  equations  for-fb^l  implies  that  some  of  the 
:  en.Vr-.ne  solutions  are  then  poor  approximations  to  complete  solutions. 
The  absence  ox  such  a  singularity  at  means  that  the  present  transi¬ 

tion  point  does  not  significantly  affect  the  accuracy  ox  tne  r.t r.brane 
sc lutior.s  as  approximations  to  complete  solutions  but  merely  affects 
the  accuracy  of  the  asymptotic  formulas ,  (?)  and  (S) ,  as  approximations 
to  the  membrane  solutions.  Alternatively,  ire  nay  say  that,  v.hen5i=i , 
bending  effects  intrude  into  the  membrane  equations,  or  that  there  is 
so.-.*  >: change  of  beading  and  stretching  energies,  but  bending  does  not 

affect  taint  happens  at*}=>*t.  "ne  shortcomings  of  the  approximations 
(7)  ard  (S)  near  pV  can  be  overcome  entirely  within  the  scope  of. the 
nex brace  theory,  without  considering  bending  effects. 

-  *  V.  V—rfor  of  Membrane  Solutions  as  Q.->o. 

We  consider  first  tlie  passage  to  the  static  limit  .  In  this 
case  n-i>i  and  k~>  1  and 

Z*  =  sin*#  ?  £o+; 2,  o-l;  n+1;  §(l-cos*fT} 

-  j2®  /  (1  +  m)3  (m  +  cos;*)  tan 
Q*  =  (-sin*On  da  Qx°  {  x  )/  dxH  ,  x  =  cosff 
Qx°  (X)  =  i  x  m  (i  +  x)/  (i  -  x)  -  i 
hovif  gives  the  solutions  X,-a  (j=a,2,3,4)  to  the  statical  membrane 
:.c!uti«>ns,  with  the  following  displacements: 


t 


r*sss@iesy, 


v  *'  .  co.  j  X.,°:  Wo°  -  )  ~  1 


u  .“--  -  / 


V,"-  a 


'*  ,  ’  /f  '  _ 


*'  :  °=  u  '•=  o  X/1:  W  =  0 


v  -  -am  p 


■ /'-  *,ii:/  t  u(  tan'/  }  -  ‘  -• 


=  1:  X,A  :  wi  =  -sin/ 


Uj^=  v,1=  1  -  cos/ 


-S*  :  «2“  =  *in  / 

u^,1  =  -v0i=  1  *  cos  / 


y  *  .  s  cot  /  —  sin  /  In(  tan-],/  } 

Ij? 

1U1=  v-,1  =  <  l-cos/  )  inCtanl/)  -  [.(2-  cos/)  / C  l-cos/)j 


X  n  *s  —cot  /  +  sin  /  , 

4  '  4  _ 

..  1=  _v  1=  (i  +  cos/}  inCtan-l/)  +  [^2+cossO/Cl+cos/^ 

^*4  4 


X  27/'  =  -Cn+cosjOtatf^/  X2n:  w/  =  (a-cos/}coxr“£/ 

1  —  — 


Tj  X**  *  ■»  Cl  / 

•j  ^  v.  58  siiipton 
l  i 


is  tn  •  »  .  it*-*  * 

2  “  “v2  =  sini>co“ 


v/**.  »t  2~  _4csc“/  **■  C—-0 os/)G^(/)j  tan  i/ 


r'=  -v„&  —  G„(p)  sin/tan  “§/ 


2„(p')  «  C2/n}  +  (n-rl}_itan“}/  +  (®-0  cot“-~/ 

w 

X  n:  .n=  [<J:scV  ~  (e+cos/DG^C/)^  cot CH' 

rC? 

u/=  vr  =  G,(/)  sjx/  cotr-V/ 

*»  **  ^  1  2, 

G,(/)  =  C2/n>  +  (n-i5_1cot2-£-/  +  (n-ir  tor^l/ 

•x  <• 


siMsaaft  «*H*nr’Wmji  «w»i 


,<’*«}  vrvrfl 


X  ? 


l.iltl  A 


i’c  inoiic  cor r t .'jpor.w  i r.^  to  rijic 


.  :--!  -r.a  incMtnsi.mal  notions  for  m'//2,  _nd  the-  solutio..s 


.  .  -re  those  /or  which  II. <.  stress  resultants  n  . »,  n 

tJ3 


ysr 


.  .  .  \  -..i-.::  identic..! iv.  Toe  relations  between  X  .ra  and  the  lini: 
.•/  the  vibrational  solutions  S  .a  art  found  by  contourin'  be- 
— 1  ,‘=0  am  r  —  » .  .  Tnc  results  arc 


5  . 

*  J  /— V 


;  —  •  o  *?  ♦ 


'<  1  a  v'  Me-  1 
“*  v  ^  , 


s,  -  s,, -*x 


So  -  s .  — 


3  v/2 

i  i 


V 

J 


( ICy 


(11) 


*.nd  rror  r^  2 


-Ci»n>  2~a  (S,*"  + 

#***■  —1 


e> 


3o  (S,3-  S„a>  +  2(-l)“  (.-/  -  S  n)->X^ 

**  -*uA  ^  J  /  /. 

(2-2)  I  ^  ^ 


.-hi  .-!3 

r^1  (s 


n(n-l)  ~ 


1 


(12) 


*  cs>  S,r‘)  -  *1(  -1  j53"1  (So3  -  s  /0->x,n 

(STT)1 -  -  "  4 


—n 

do  =  2  *  + 


«C 


n  + 


'~X  i  )  “  C/0  I _  sinj  -£-7T  <n-rl)  u  j 

J 


-2):  *•' 


—  _  -,— 1  f 


’»  (e-1)”1  + 


(13) 


'  *  •— -”2 

v.  —  '  *1  '  - 


sine  t-TT  (r.+l)  V  I 
«r  Jf  J 


:.l  Precuencies  for  a  /ree-Edzed  Hemisphere 


Co  -  1  w.  O 


..as  section  we  shall  use  the  formulas  of  Section  2  to  obtain 
the  membrane  natural  r r coucnct.es  tor  a  ncnasphericai 


7 


-n+1 ,  n- 


•  i  *  ^  l.'-4*4.’u  t  ilt,*  i/4*o^S  OI  i »  i  »i  i  *-».*  1'  lul"  v.m1^U*m  .  li1.. 


..  .s!Ki  i  r*  »  i.4.  iu‘.4*s  Aor 


i«.e  rvi”«-*s  i*rc  iiccuruic  lv> 


•  *  -  •  *'1  i  or ^  ■  s  «iu!  -*  ro  i«*  .  x  «inu  i*i4'fur i,1  1 «  *\*  / 

*7 

,  .'.r.  v.r  al>o  pr*. so:U  th*  results  stiver,  by  Xapr.di  ana  Kalr.ir.i  . 

C.  r  in  teres  tin.;  result  is  very  easily  derived  front  (id).  If 
1:  .aid  r<  >> i“;  ,  all  the  Lype r v e sac- trie  functions  in  (15)  are  approal- 


ir.-u  1}  unity,  an:  (15)  reduces  approximately  to 
nCr.*i)  *  K(:ri-1)  -  4  f  ;  ■»•  Cl*~b)rL2  j  a  o 
f  ..  ini::,,  lain  uitii  (2)  and  (3),  v.e  obtain 

arL1  ci^)£ir !  /  c  i  -  o_2>  =  o 


a  lotion  icn  cannot  be  satisfied 


real,  non-zero  values  of  p 


a.;,. —  i.v.t:  v  iiv 


« u q u r*u i.co  •  j  no  Hit v fcix* ** * 


wit.;  nc-cs  of  ruinhrane  type)  can  bo  found  when  n*>^£L  Since  this  has 
r.  ucTi vc a  solely  cr.  t**c  oasts  or  tne  rtenbrune  solutions,  v.*c  sust 
rVi.*  u .*ca a  it  uCdo  no i  prcc«.uuo  vUc  o uCui  rciicc  of  bending  ana 
s:.:.r.;.ioruI  frequencies ,  ncr  iu*s  it  rule  out  the  transitional  fro- 

.  -  .  ^  X-N,  _  / 

V_  »•  *.•«"»)  *  •<  4—  *  (  "I  * 

1 1  a  hrlpfui  to  see  v.hat  is  obtained  if  v;e  co~\>Lr.c  the 

..//  \*a  »r,u u*  .oCtubs  C-  >  unn  \o>>  i or  pom  n  ana  1c  v/itn  the  r r cc/jc ac y 

*.'•  - ’  i on  i  /  *  axO  asyr.pic  *ic  «oriu*r«s  ior  uZ.^  be  obi*iir.ju> 

i  .  *  .»**”  o * . .  trin*  t ■  «v‘  1 1 c  re-**-tion  x  or  JL  i v.iuc..  is 

•  -  n 


»*  l uOuj -i  not  xa  jv*r.crji ji  ,  or  by 


/ 


relation 


d.*  m/d><  =  (n-ia+i)csc/  i*  .  -(n+l)cos/  I* 

A  !»▼!  XI 


together  with  the  asymptotic  relation  for  Z^  .  The  frequency  equation 
assumes  different  forms  in  three  regions,  as  follows: 

(i)  n>k>  n 


i 

‘i 

‘  I ; 


4I 

i , 


(n-Ifcf1)2  -  (  M  -  InM  _1)  {  M  -  ikM J"1)  =  0 
n  n  k  Jc 

<ii)  k>aj>n 

-i  2  ! 

(n-Ita  |)  tanJtrCk-m+1) 


-  <«„  -  HT1*4  "k  -  5lV1> 


(iii)  k>  n  >  a 


(o-ftT1)2  tan|ir(k-*+l)  tan§  TT  (n-m+l) 


;  i 


i,  -  i 

(i?) '  j-.ii 

i.N 


!•!  U 

!  p* 

Us) 

i i:!‘ 

;  !•: 

i  i; 

*  -  . 

I  s 


-l 


r  C  Na  -  Nk  -  «  0 


(19) 


Natural  fr  -encies  may  be  estimated  easily  in  the  various  regions 

with  the  aid  of  these  formulas.  The  results  of  these  computations 

1 

arc  compared  with  the  calculations  based  an  the  accurate  frequency 
equation  (IS)  in  Table  I. 

A  further  simplification  is  possible  when  StJ*V>  a2  or 
<k«i)2><n*i)2»m2  , 
in  which  case  (19)  becomes 

tanitr(k-*H»l)  tan£*tlr(n-m+l)  *  0(n2  ii“2) 

whence  ! 

k  +  £s*2J-m-|  (20) 

n  +  i«2L-n-i  (21) 


:  r 
H;i- 
!  i.:! 
-  iji.*: 
nr 

> !  V 

t  5  *  *  ?►* 

r!  * 

.  <r: 

i  t  i 

ii-‘ 

r|.! 


*  i  *r 

i  ?  *1 


If 

.  if 
: , ,» 


\  7  tt» 

i  i  : 
:  % 
i*  < 


0 


**!*& ut-  rt Jf ' 


2 

.-.here  J  and  L  are  sufficiently  large  positive  integers.  When  £L"7?\ i 
v.v-  have  from  (2)  and  <3) 

n  +  ~^2)1/2 

k  ♦  +2/)”] 1/2 

Combining  these  with  (20)  and  <21)  we  find  two  families  of  natural 


frequencies,  given  by 

SL»  (2.T 


♦  n  -l)(l  -ir2)“1/2 


i£~  (2L  «■  m  -§)  £j2Cl  +ar>3 


-1/2 


(22> 

(23) 


The  first  of  these  families  is  associated  wi:h  stretching  (torsionless)  . 
membrane  cedes,  the  second  with  torsional  modes.  The  frequency  for  each- . 
branch  depends  linearly  on  a  with  different  slopes  for  the  two  families. 
These  predictions  are:  shown  in  Table  I  and  Figure  i. 

5.  Discussion  •; 

-  ;  j, 

We  shall  comment  first  on  the  behavior  of  the  solutions  as.&_~»  0  * 

and  then  on  the  natural  frequency  calculations.  ;  ! 

f 

The  formulas  (10) -(13)  show  clearly  that  in  the  limit  as  >  0 

the  dynamic  membrane  solutions  in  the  form  of  Legendre  Functions  are 

equivalent  to  the  familiar  static  membrane  and  incxtensional  solutions. 

he  find  that,  as  <?-*»£>■  two  linear  combinations  of  the  dynamic  iolutions;  - 

,  '•  » 

tend  toward  the  static,  inextensional  solutions  and  two  other  combina-  *  , 

tions  tend  to  the  static  membrane  solutions.  Tbese  linear  combinations  . 

are  given  in  (10)-(13).  j 

t 

We  shall  now  point  out  several  of  the  pitfalls  that  one  may  en-  •» 

touule'  in  trying  to  calculate  the  inextensional  frequencies  for  a  !  f 

free- es-.;cd  dome  from  the  general  solution.  The  general  solution  with 


/ c 


\ 


-f-  '  r. v.-.vo  ru..:h»sr  :a  i \ f or  ..  <!oae)  expressed  in  ter..'.,--  («' 

;  i  . eU  Legendre  Functions  in  the  form 

w*  =  C  P  a(cosd)  +  C.  “(cosn) 

II  I*  ** 

+  C.  P  (cosrf)  +  cb  ?.  <cosd)  C-*: ; 

.  1  "2  2  u2 

ii.:  arrived  expressions  Tor  the  other  variables.  Here  n  and  k  are  : 

the  degrees  of  the  Legendre  Functions  connected  with  the  membrane  j  j; 

.  ■  I 

stations,  and  b,  and  b.,  are  the  degrees  connected  with  the  bending  ,  ! 

solutions.  These  solutions  were  given  explicitly  by  Kalnins  and  !  j- 

.  2  .1 

<i  ..imson  .  ‘ 

'  ! 

Kow  the  incxtcnsional  frequencies  are  very  low,  i.c.,  j  J- 

SZ-T  =  O  <  h2  /  R2  )<.-il  ’  j; 

where  h  is  the  thickness  and  R  the  radius  of  the  shell,  tfe  have  pre-  *  *'  4 

|  *  - 

viously  pointed  out5  that,  when^l is  this  scall,  the  bending  solutions  ; 


*  re  nearly  statical  and  are  both  of  edge-effect  type.  Also,  we  see 

iron  00  and  (3)  that  ;  i  *•' 

■}% 

r.j»  1  *  *  j* 

*  *  it 

It  is  on  inconvenient  property  of  the  Associated  Legendre  Function  ‘  'J. 

that,  e.g.,  Pn  “(cosjJ)  vanishes  identically  when  n  is  an  integer  and  •' 

•  ?! 

a  r..  Since  inert ensional  solutions  occur  only  when  2,  we  see  that  • 

•V 

^Ccosd)  and  n(cos<5)  will  be  very  snail  for  the  inextensional  cocos .1  H 

.* 

This  nay  sake  it  hard  to  evaluate  Cn  and  numerically.  This  difficulty!  ;?• 
can  ha  evaded  by  using  the  solutions  Zj5,  Z-  n,  which  do  not  become  snail'  r 


when  a  and  k  are  near  unity,  i.e.,  we  nay  write  the  general  solution  as  .  !’ 


Vs  =  C*  Za  ®(cosd)  +  C*  Zk  ?(cosj5) 


♦  Cb,  Vb  (cOS(<)  +  Cb  “(cosrf)  (25) 


(( 


li.v.vcvcr,  we  are  not  out  of  the  ..oods  yet,  for  it  is  only  a  very 


n  _ 

special  linear  combination  o  t‘l  and  Z  that  leads  to  an  xnexten- 

n  k 

si  or.  a  I  solution.  If  we  rewrite  (25)  as 

«m  =  K  Cn*-K^*)CZnm+  Zkn)  +  Kcn’-ck-)(znn-  Z&a> 

4  Cbi?bi  ( cosyO  +  Cjj  (cosyO 
^  2  2 

w»-  m •  i-  f r«»u*  ( 12)  that ;  the  first  solution  becoiws  in«*xt**nsional  as 


•__}  _,.v>  .  but  :  he  <>n*l !  :.*>  lut  i«>n  i:j  **  utetubraiic  solution.  In  order  to 

obtain  a  mode  which  is  predominantly  inextensional  we  must  have 

C  *  -  C.  *  : 

- JL.  z<.i 

V  +  V 

It  is  plain  that,  if  the  constants  are  evaluated  numerically  with 

insufficient  accuracy,  so  that  Cn*  and  CL* are  not  quite  equal,  we  may 

be  accidentally  introducing  a  little  bit  of  the  membrane  solution. 

Even  a  little  trace  of  the  membrane  solution  is  enough  to  destroy  the 

inextensional  property  of  the  solution  and  prevent  one  from  obtaining 

inextensional  frequencies.  It  is  possible  that  this  difficulty  can 

be  overcome  by  careful  calculation.  If  not,  it  may  be  necessary  to 

set  C  *=C.. ’throughout  the  calculation,  temporarily  discarding  one 
n  * 

membrane  boundary  condition.  After  an  inextensional  frequency  has 
been  found,  the  discarded  boundary  condition  can  be  used  to  calculate 
the  difference  ,J  which  is  initially  taken  as  exactly  zero. 

The  results  for  membrane  natural  frequencies  of  a  free-edge  hemi¬ 
sphere  are  given  Table  I  and  Figure  i.  The  gross  features  are  these: 

2  2 

(i)  When  a  yyO  ,  there  axe  no  membrane  frequencies. 

(ID  When  ^  rf*  ,  the  simple  asympstotic  estimates  (22)  and  (23) 
arc  fairly  reliable.  These  predict  two  families  of  frequencies  which 


/■< 


Linearly  on  n,  t.;e  slopes  of  the  two  families  being  different. 

T:.v  predic tior.s  are  less  accurate  near  points  where  two  frequency 
lines  cross  than  elsewhere ,  and  the  errors  in  the  asymptotic  i 

estimates  change  sign  at  such  points. 

(  iii)  If  S£”  and  n  a‘re  of  comparable  size,  the  picture  is  more 
complicated.  When  SI  and  fa  are  both  large,  the  most  important  analyti¬ 
cal  features  are  the  n-andk-  transition  lines,  i.e.,  the  locus  of 
J.*i  ;,!i  i«  li  n:ta  ;uut  lively.  These  art*  :.n<iWii  in 

figure  i.  below  the  k-line  the  approximate  frequency  condition, 
ii7),  involves  no  oscillatory  functions,  and  there  is  merely  a  single 

frequency  for  each  n  Between  the  R-and  k- transition  lines  the  fre- 

* 

quency  condition, (IS),  contains  an  oscillatory  function  of  k,  indicating 

that  there  is  one  family  of  frequencies,  namely  those  of  torsional 

>**  | 

I 

type.  Above  the  n-line  tap  families  of  frequencies  are  found,  cor- 

i 

responding  to  the  two  oscillatory  functions  that  occur  in  the  fre¬ 
quency  condition  (19). 

Interesting  information  is  revealed  by  comparisons  among  the 
various  approximations  given  in  Table  I.  First,  we  see  that  the  approx¬ 
imate  frequency  equations,  (17) -(19),  give  generally  good  agreement 
with  the  more  accurate  frequency  equation,  (15).  The  accuracy  i.*s  * 
poorest,  of  course,  near  the  n-  and  k-  transi  ;ion  lines.  The  simple 

asymptotic  estimates,  (22)  and  (23),  are  not  as  accurate  as  (17)  and 

2  o 

(19)  but  are  tolerably  good  when  S2jV>.a.  They  are  very  poor  near  or 
below  the  n-transition  line. 


n 


,  t  ..o  calculations  based  on  (15)  do  not  show  conplet. 

7 


*'-*  i  devious  results  o i  Kn^hui  and  K.*ln 


x 


**-*  *  4 


‘or  ci=l  the-  a 


: . '  r.' 


’*  ;;o od.  For  ::.-2  and  3  lucre  is  good  agreement  f 


ox*  sonio 


;v  tao  present  calculations  do  not  she*./  certain  frequencies  that  v.x.v 
'-•-d  earlier.  Separate  hand  calculations  were  made  for  each  of  these 


tenable  frequencies.  In  no  case  was  a  frequency  found.  Ho  re  over , 

-*  we  plot  these  doubtful  frequencies  on  Figure  1,  we  sec  that  t;  cy  da 

! 

not  fit  well  with  the  pattern  of  the  remaining  frequencies.  Y.e  conclude, 

'  I..  »*-.»,  IJ.al  Ji>«-  w-i  «*mi»  .»  imm-.I  i..,.  »«irt  in  1 


an-  spurious. 

In  closing  we  nay  remark  tnat  these  aerabrane  frequencies  are  all 
hi.;h  compared  with  the  inestcnsional  frequencies.  This  does  not  noccs-  ' 

i 

sarily  scan  that  they  arc  unimportant,  however.  Their  iraportance  in  a  . 

’  [ 

problem  of  ticc-dcpendent  loading  depends  on  whether  their  code  makes  a  . 

significant  contributions  the  response  of  the  shell.  This  in  turn  dops 

1  * 

on  the  kind  of  applied  load  and  its  spatial  distribution.  It  is  relevant 

.5 

that  tse  nodes  associated  with  cost  of  these  frequencies  involve  ranch 
core  motion  in  the  shell  surface  than  normal  to  it.  Therefore,  if 
experiments  on  shell  vibration  are  cade  in  which  only  motion  normal  to 
the  surface  is  measured,  it  will  be  very  easy  to  miss  these  modes  and 
conclude  (erroneously)  that  they  are  unimportant . 
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